For any perturbative series that is known to k-subleading orders of perturbation theory, we utilise the process-appropriate renormalization-group (RG) equation in order to obtain all-orders summation of series terms proportional to α n log n−k µ 2 with k = {0, 1, 2, 3}, corresponding to the summation to all orders of the leading and subsequent-three-subleading logarithmic contributions to the full perturbative series. These methods are applied to the perturbative series for semileptonic b-decays in both MS and pole-mass schemes, and they result in RG-summed series for the decay rates which exhibit greatly reduced sensitivity to the renormalization scale µ. Such summation via RG-methods of all logarithms accessible from known series terms is also applied to perturbative QCD series for vector-and scalar-current correlation functions, the perturbative static potential function, the (single-doublet standard-model) Higgs decay amplitude into two gluons, as well as the Higgsmediated high-energy cross-section for W + W − → ZZ scattering. The resulting RG-summed expressions are also found to be much less sensitive to the renormalization scale than the original series for these processes.
Introduction
The renormalization group equation (RGE) has long proven useful as a means of improving and extending results obtained from perturbative quantum field theory. In addition to giving rise to scale-dependent running parameters (coupling constants and masses) and concomitant scale properties (e.g. asymptotic freedom), the RGE can also be utilised to determine scale-dependent portions of higher-order contributions to perturbative expressions. For example, if the two-loop contribution to a physical process has been determined via explicit computation of pertinent Feynman diagrams, the RGE then determines all leading-log and next-to-leading contributions to all subsequent orders of perturbation theory. We denote such logarithms to be "RG-accessible." In the present paper we demonstrate how closed-form summation of such RG-accessible logarithm contributions is obtained for a number of physical processes whose field-theoretical series are known to two or more nonleading orders of perturbation theory.
Consider a perturbative series of the form
occurring within a physical decay rate Γ or measurable cross-section σ, where x(µ) is the running coupling constant (for QCD x(µ) ≡ α s (µ)/π) and where L(µ) is a logarithm regulated by the renormalization mass scale µ that may or may not also depend on a running mass:
If m is a running mass, then Suppose for a given scattering or decay process that the series S[x, L] is known to some order of perturbation theory:
(1.10)
These next-to-leading (NL) and higher-order expressions exhibit scale dependence as the magnitude of L increases. However, higher order polynomial coefficients of L can be determined via an appropriate RGE. For example, in b → uℓ −ν ℓ the application of the RGE to the known [1] two-loop (NNL) MS expression for the rate is sufficient to determine the three-loop coefficients T 3,3 , T 3,2 , and T 3,1 : for n f = 5, T 3,3 = 50.914, T 3,2 = 178.76, and T 3,1 = 249.59 [2] . This procedure is taken a step further in ref. [3] , in which the four loop coefficients T 4,4 , T 4,3 , and T 4,2 are determined via the RGE for this same process. Estimates for T 3,0 are also seen to determine T 4,1 , yielding an S N 4 L expression characterized by only two unknown coefficients (T 3,0 and T 4,0 ) whose parameter space can be limited by the constraint [3] that successive orders of perturbation theory decrease in magnitude
In the present work, we wish to show how all RG-accessible logarithms may be summed if S is known to a given order. Specifically, we shall obtain explicit all-orders summations for the following four series, as defined by the intermediate expression in (1.1):
T n,n x n L n (1.12)
T n,n−1 (xL) n−1 (1.13)
T n,n−2 (xL) n−2
(1.14)
T n,n−3 (xL)
n−3
(1.15)
The appropriate RGE µ These RGΣ expressions are seen to exhibit reduced sensitivity to the renormalization scale µ even when the logarithms L are quite large. Compared with the truncated perturbative series, these resummed expressions more effectively implement the underlying idea behind the RGE, namely that the exact (all-orders) expression for any physical quantity is necessarily independent of the scale-parameter µ. Although RGE determinations of higher-order terms have been known for some time to be of value in extracting divergent parts of bare parameters [4] , the principle of incorporating all higher-order RG-accessible terms available to a given Feynman-diagram order of perturbation theory was, to the best of our knowledge, first articulated by Maxwell [5] as a method for eliminating unphysical renormalization-scale dependence. The all-orders summation of leading logarithms has been subsequently applied by Maxwell and Mirjalili [6] to moments of QCD leptoproduction structure functions and to NNL-order correlation functions. Such a summation of leading-logarithm contributions to all orders has also been explicitly performed by McKeon to extract one-loop RG functions from the effective actions of φ 4 -field theory in four dimensions and φ 6 -field theories in three dimensions [7] . In Section 2 of the present work, we extend McKeon's summation procedure to derive closed-form expressions for all-orders summations of leading-(1.12), NL-(1.13), NNL-(1.14), and N 3 L-logarithms (1.15) by using the RGE appropriate to the perturbative series (1.1) within the QCD expression for the inclusive semileptonic B-decay rate. Such summations enable one to construct RGΣ perturbative expressions inclusive of up-to-three nonleading logarithmic contributions to all orders of the perturbative series (1.1).
In Section 3, these results are applied to the b → uℓ −ν ℓ rate computed to NNL order by van Ritbergen [1] , later extended via Padé-approximant methods to a subsequent N 3 L prediction [2] . The renormalization-scale dependence of the unsummed perturbative rate truncated to a given order is shown to be much greater than that of the RGΣ rates obtained from the same perturbative expression.
In Section 4, RGΣ expressions are obtained for the decays b → uℓ −ν ℓ and b → cℓ −ν ℓ in the "pole mass" scheme in which only the couplant α s (µ)/π exhibits renormalization-scale dependence. This scheme, already known to have difficulties for the b → u case [1] , exhibits a rate which increases with the renormalization scale µ, making the identification of a "correct" or optimal value of µ problematical. However, RG-summation is shown effectively to remove such µ-dependence, leading to reliable order-by-order pole-mass-scheme predictions for the b → u semileptonic rate consistent with the b → u rate obtained from an MS-scheme inclusive of a running b-quark mass. RGΣ-expressions are also obtained for the b → c semileptonic rate based upon its (approximately-) known NNL series [8] and its Padé-estimated N 3 L series in the pole-mass scheme [9] .
The RGE appropriate for the perturbative series for semileptonic B-decays in the pole mass scheme is also the appropriate RGE for the fermionic vector-current correlation function utilised to obtain QCD corrections to the cross-section ratio σ(e + e − → hadrons)/σ(e + e − → µ + µ − ). In Section 5 we obtain RG-summation expressions for the QCD series embedded within the vector-current correlation function that include all higher-order logarithmic contributions that are accessible from the three fully-known nonleading orders of perturbative corrections in the MS scheme. We are thus able to compare directly the renormalization-scale dependence of the unsummed series S (1.18). We find that the latter expressions provide a set of virtually scale-independent order-by-order perturbative predictions for the vector correlator.
In Section 6, we show how the use of process-appropriate RGE's can be used to obtain RGΣ perturbative expressions for a number of other processes. We obtain full RG-summations for 1. the momentum-space series for perturbative contributions to the QCD static-potential function, 2. the gluonic scalar-current correlation function characterising scalar gluonium states in QCD sum rules, We also discuss how RG-summation of the two scalar-current correlators considered in Section 6 removes much of the unphysical µ-dependence of the unsummed series at low s that would otherwise percolate through QCD sum-rule integrals sensitive to the low-s region. In Section 7 we summarise our paper. We discuss not only the reduction of µ-dependence via RG-summation, but also the comparison of RGΣ results with those of unsummed series when minimal sensitivity or fastest apparent convergence is used to extract an optimal value for the renormalization scale.
Finally, an alternative all-orders summation procedure to that of Section 2 is presented in an appendix.
RG-Summation of Logarithms for Semileptonic B-Decays
For semileptonic b-decays, the µ-sensitive portion of the rate (1.4) must, as a physically measurable quantity, exhibit renormalization scale-invariance:
This constraint is easily seen to lead to the RGE
where
and where the anomalous mass dimension is the series defined by (1.3). Substitution of the series expansion (1.1) into the RGE yields the following series equation:
Evaluation of S 0
To evaluate S 0 [xL], as defined by (1.12), we use (2.4) to extract the aggregate coefficient of x n L n−1 and to obtain the recursion formula (n ≥ 1)
We multiply (2.5) by u n−1 and sum from n = 1 to ∞ to obtain the differential equation,
where S 0 [u] is given by (1.16) with xL replaced by u. The solution of (2.6) for the initial condition
For the special case of pole-mass renormalization schemes [γ m [x] = 0], S 0 = T 0,0 = 1, corresponding to the complete absence of x n L n terms from the perturbative series (1.1) when n ≥ 1.
Evaluation of S 1
To evaluate S 1 [u] , as defined by (1.13) with u = x(µ)L(µ) we first extract the aggregate coefficient of x n L n−2 from the RGE (2.4) for n ≥ 2:
If one multiplies (2.8) by u n−2 and then sums from n = 2 to infinity, one obtains the differential equation
We find it convenient to re-express this equation in terms of the variable
and the constant
We see from (2.7) that if T 0,0 = 1, then
and find from (2.9) the following differential equation for S 1 :
with w, A, B and C respectively given by (2.10), (2.11), (2.14) and (2.15).
Evaluation of S 2
The aggregate coefficient of
If one multiplies (2.17) by u n−3 and sums from n = 3 to infinity, one finds from the definitions
18)
[following from (1.12-1.14)] that
If we incorporate the change-of-variable (2.10) in conjunction with the solutions (2.12) and (2.16) for S 0 and S 1 , respectively, we find that 22) where the constants {D, E, F, G, H} are given by
with constants {A, B, C} given by (2.11), (2.14) and (2.15) . The solution to the differential equation (2.21) with initial condition
(2.28)
Evaluation of S 3
To evaluate the series
we multiply (2.29) by u n−4 , sum from n = 4 to infinity, and, as before, make the eq. (2.10) change of variable w = 1 − β 0 u. We then find that 
The constants {A, B, C, D, E, F, G, H} within (2.31) are respectively given by {(2.11), (2.14), (2.15), (2.23-2.27)}. The solution to (2.31), subject to the initial condition S 3 | w=1 = T 3,0 , is Eqs. (2.12), (2.16) and (2.28) then lead to the following closed-form expressions for the summations S 0 , S 1 and S 2 :
−60/23 (3.4)
We first wish to compare the µ-dependence of the 2-loop order expression
for the reduced rate
with S 0 , S 1 and S 2 given by (3.4), (3.5) and (3.6). To make this comparison, we evolve the running coupling and mass from initial values x(4.17 GeV) = 0.0715492 and m b (4.17 GeV) = 4.17 GeV [2] , where the former value arises from n f = 5 evolution of the running coupling from an assumed anchoring value x (M Z ) = 0.118000/π [10] , and where the latter value is the n f = 5 central value in ref. [11] for m b (m b ). Thus x(µ), m b (µ) and L(µ) are fully determined via (1.2) and the RG-equations (1.3) and (2.3), with γ m -and β-function coefficients given by (3.1) and (3.2).
In Figure 1 , we use the n f = 5 evolution of x(µ) and m b (µ), as described above
RGΣ is almost perfectly flat. By contrast, the naive rate Γ N N L is strikingly dependent on the renormalization scale µ, and does not exhibit any local extremum point of minimal sensitivity. Thus, RG-summation of leading, next-to-leading and next-to-next-to-leading logarithms is seen to remove the substantial theoretical uncertainty associated with the choice of µ from the (fully known) two-loop order b → uℓ −ν ℓ rate. It is useful to examine how the reduced b → uℓ −ν ℓ rate develops in successive orders of perturbation theory. For example, the one-loop rates
can be compared to the corresponding higher precision results of eq. (3.7) and (3.8). Three-loop order (N 3 L) reduced rates can be estimated through incorporation of an asymptotic Padé-approximant prediction of the three-loop coefficient T 3,0 = 206 [2] . The three-loop order expression for the reduced rate
can then be compared to its RG-summation version
with S 0 , S 1 and S 2 respectively given by (3.4), (3.5) and ( we find that The bold-face number 348.96 is the only coefficient in the above expression dependent upon the asymptotic Padé-approximant estimate for T 3,0 . We have included this estimate in order to demonstrate RG-summation incorporating a three-loop diagrammatic contribution to T 3,0 ; when such a calculation is performed, the factor 348.96 in (3.14) should then be replaced by T 3,0 + 142.96.
We consider the µ-dependence of three non-leading orders of perturbation theory first for the case in which logarithms are not summed to all orders. Figure 2 displays a comparison of the "unsummed" one-, two-and three-loop order reduced rates
, respectively given by (3.9), (3.7) and (3.11). The µ-dependence of all three orders is evident from the figure. Such µ-dependence can be used to extract NL and N 3 L values for Γ via the minimal-sensitivity criterion of ref. [12] . Curiously, Γ N L and Γ exhibits some flattening between these extrema (≈ 1900 GeV 5 ) over the same range of µ, but with a continued negative slope. Indeed, one can employ fastest apparent convergence [13] 
| is a minimum, and to choose µ for Γ RGΣ (3.12). These three rates exhibit virtually no µ dependence whatsoever; rather, RG-summation is seen to lead to clear order-byorder predictions of the rate that are insensitive to µ. We see from Fig. 3 
GeV 5 over the (more or less) physical range of µ considered in Fig. 3 . Theoretical uncertainty in the calculated rate is now almost entirely attributable to truncation of the perturbation series to known contributions, an error which is seen to diminish as the order of known contributions increases.
It is important to realize, however, that these scale-independent predictions necessarily coincide with the L(µ) = 0 predictions of the unsummed rates (3.9), (3.7) and (3.11) 
RGΣ equilibrate when w = 1 i.e., when L(µ) = 0. Thus, one can argue that the summation we have performed here of all RG-accessible logarithms supports the prescription of identifying as "physical" those perturbative results in which µ-sensitive logarithms are set equal to zero. We must nevertheless recognize the possibility that the µ-sensitivity of the unsummed rates, when exploited by minimal-sensitivity or fastest-apparent-convergence criteria, is capable of leading to more accurate order-by-order estimates of the true rate than corresponding scale-independent RGΣ rates. In comparing Figs 
Application to Semileptonic B decays in the Pole-Mass Scheme
In the pole-mass renormalization scheme, the mass m appearing in logarithms (1.2) is independent of the renormalization mass-scale µ. Thus the coefficients γ k , as defined in (1.3) are all zero. The constants {A, B, C, D, E, F, H, K, M, N, Q, R, Y }, as defined in Section 2, are all zero as well. The nonzero constants are 
In this section, we apply the above results toward the decay b → uℓ
ℓ . The former rate is known fully to two-loop order in the pole mass scheme, though the result is argued to be of limited phenomenological utility [1] . The latter rate has been estimated within fairly narrow errors to two-loop order as well [8] , and has been extended to a three-loop order estimated rate via asymptotic Padé-approximate methods [9] . We then see from Fig. 4 that the µ-sensitive portion of the known two-loop rate in the pole mass scheme,
is indeed highly scale dependent. Specifically, we see that S N N L (µ) increases monotonically with µ without exhibiting an extremum identifiable with a "physical" point of minimal sensitivity [12] .
In Figure 4 we have also plotted the RG-summed version of the 2-loop rate . Since S N N L RGΣ is insensitive to µ, this crossover supports the expectation discussed in the previous section that the "physical" NNL rate is S N N L with µ chosen to make all logarithms vanish. We would prefer, however, to argue that S N N L RGΣ is an almost scale-independent formulation of the NNL rate, thereby obviating any need to define a physically appropriate value of µ to compute a meaningful two-loop order result. We also note that the asymptotic large-µ result we obtain for the "reduced rate"
is surprising close to the 1817 GeV 5 MS two-loop order ("unsummed" NNL) estimate obtained at µ = m b (µ) = 4.17 GeV, indicative of the utility of the pole-mass scheme when leading and next-to-leading logarithms are summed to all orders. In the absence of such summation the pole mass expression S N N L (µ) spans values for the reduced rate between 1420 GeV 5 and 2060 GeV 5 as µ increases from 1 GeV to M W , reflecting the problems with the polemass scheme already noted in ref. [1] . By contrast, the RG-summed reduced rate varies only from 1774 GeV 5 to 1829 GeV 5 over the same region of µ.
Pole Scheme Semileptonic
The semileptonic decay of B into a charmed hadronic state is given by the following decay rate in the pole-mass renormalization scheme [8] :
In (4.13), m b and m c are µ-invariant pole masses,
All sensitivity to the renormalization scale µ resides in the series S[x, L], which may be expressed in the usual form . An asymptotic Padé-approximant estimate of T 3,0 = −50.1(±2.6) has also been obtained in ref. [9] . Consequently, one may list three orders for the µ-dependent portion of the b → cℓ −ν ℓ rate: 19) with the caveat that NNL and N 3 L expressions have increasing theoretical uncertainty arising from the (small) estimated error in T 2,0 and concomitant error in the estimation of T 3,0 .
As before, we will compare the µ dependence of (4.17), (4.18) and (4.19) to that of the corresponding RGsummed expressions 22) in order to illustrate how RG-summation of higher logarithms affects the order-by-order renormalization-scale dependence of a perturbative series. Figure 6 displays a plot of the µ-sensitive portions of the decay rate considered to NL (4.17), NNL (4.18) and N 3 L (4.19) orders. As in [8, 9] , m c is assumed to be m b /3. We have chosen the pole mass m b to be 4.9 GeV consistent with phenomenological estimates [16] . 2 The couplant x(µ) = α s (µ)/π is chosen to devolve from α s (m τ ) = 0.33 [17] via four active flavours, where β 0 = 25/12, β 1 = 77/24, β 2 = 21943/3456 and β 3 = 31.38745. These choices permit careful attention to the 1.5 GeV µ m b low-scale region anticipated to correspond to the physical rate, although we have chosen to extend the range of µ to ∼ 2m b in Fig. 6 . Figure 6 demonstrates that the rate expressions appear to progressively flatten with the inclusion of higher order corrections, but that the residual scale dependence of each order remains comparable to the difference between successive orders. Figure 6 also displays rates proportional to the corresponding RG-summed expressions (4.20), (4.21) and (4.22) based upon the same phenomenological inputs. The expressions for S 1 , S 2 and S 3 are given by (4.6), (4.7) and (4.8). It is evident from Figure 6 that the scale dependence of RG-summed expressions to a given order is dramatically reduced from the scale dependence of the corresponding non-summed expressions.
Thus
RGΣ are effective scale-independent formulations of the one-, two-and three-loop perturbative series within the b → cℓ −ν ℓ rate; once again the summation of progressively less-than-leading logarithms in the perturbative series is seen to remove the choice of renormalization-scale µ as a source of theoretical uncertainty to any given order of perturbation theory.
The Vector-Current Correlation Function and R(s)
The imaginary part of the MS vector-current correlation function for massless quarks can be extracted from the Adler function [18] . This procedure is explicitly given in [19] and leads to an expression in the following form: 
The full series is, of course, identifiable with the generic series (1. Table 1 for three, four and five flavours. The coefficients T 2,0 and T 3,0 are obtained from the results of ref. [18] , and are well known from the standard expression for perturbative contributions to R(s). The remaining coefficients
are easily determined from the renormalization scale-invariance of the vector-current correlation function (5.1),
This equation, of course, can be interpreted to reflect the imperviousness of the physical quantity 5) to changes in the choice of QCD renormalization-scale µ [20] . Equation (5.4) is just the RGE (2.2) with γ m (x) set equal to zero-precisely the same RG-equation as applicable to the pole-mass scheme semileptonic b decay rates considered in the previous section. Consequently, the RGsummation of the series S[x, L] within (5.1) involves the same series summations S 0 , S 1 , S 2 and S 3 as those given by (4.5), (4.6), (4.7) and (4.8). The (nonzero) constants G, P, U and V appearing in these equations are found in terms of β-function coefficients β 0 , β 1 , β 2 and series coefficients T 1,0 (= 1), T 2,0 and T 3,0 via eqs. (4.1) -(4.4). These constants are all tabulated in Table 1 , and are seen to fully determine the O( In Figures 7 and 8 , we compare the µ-dependence of the unsummed (5.2) and summed (5.6) expressions for S[x(µ), log(µ 2 /s)], with the choice s = (15 GeV) 2 . The running coupling constant x(µ) is assumed to evolve via the n f = 5 (four-loop-order) β-function from an initial value x(M z ) = 0.11800/π.
3 Although Figure 7 does show a flattening of the unsummed expressions upon incorporation of successively higher orders of perturbation theory Figure 8 demonstrates that the corresponding RG-summed expressions are order-by-order much less dependent on the renormalization scale µ. In particular, the full N 3 L summed expression (5.6) exhibits virtually no dependence on µ, but is seen to maintain a constant value S RGΣ is necessarily exact when L = 0, i.e., when µ 2 is chosen equal to s. This is indeed the prescription employed in the standard [10] prescription relating S 
where T 2,0 and T 3,0 are given in Table 1 for n f = {3, 4, 5}. The point here, however, is that this prescription is justified not by the µ-invariance of S N 3 L x(µ), log µ 2 /s , the truncated perturbative series, but by that of S N 3 L RGΣ , the perturbative series incorporating the closed-form summation of all RG-accessible logarithms within higherorder terms. Moreover, the nearly µ-independent result S N 3 L RGΣ appears to be quite close to the result one would obtain from S N 3 L x(µ), log µ 2 /s either by imposing FAC or PMS criteria to establish an optimal value of µ, as graphically evident from Figs. 9 and 10. That optimal value for µ, however, is not µ = √ s, but a substantially larger value of µ for each case considered.
These results are not peculiar to the choice n f = 5. Using the Table 1 entries for the parameters T 2,0 , T 3,0 , G, P, U and V appearing in (4.7) and (4.8), we find for n f = 3 that To conclude, the primary result of interest is that closed-form summation of all RG-accessible logarithms to any given order of perturbation theory leads to expressions (e.g. Fig. 8 ) that order-by-order are substantially less scale-dependent than the corresponding truncated series (Fig. 7) . The scale-independence of S 6 Other Perturbative Applications
Momentum Space QCD Static Potential
The momentum space expression for the perturbative portion of the QCD static potential function
is given by the integrand series
where x ≡ α s (µ)/π, L = log µ 2 / q 2 , and where the series coefficients within (6.2) are [22] T 2,0 = 31/12 − 5n f /18, T 2,1 = β 0 = 11/4 − n f /6, 
Noting that T 1,0 = 1 in (6.2), we find for n f = {3, 4, 5} that 
Gluonic Scalar Correlation Function
The imaginary part of the correlator for gluonic scalar currents
enters QCD sum rules pertinent to scalar glueball properties [24] , and is given by (
The leading coefficients T n,m within (6.10) can be extracted from a three-loop calculation by Chetyrkin, Kniehl and Steinhauser [25, 19] and are tabulated in Table 2 .
Consequently the series (6.10) can be shown to satisfy the RG-equation
Upon substituting (6.10) into (6.11), it is straightforward to show that the aggregate coefficients of
and x n L n−3 respectively vanish provided nT n,n − β 0 (n + 1)T n−1, n−1 = 0, (6.12) (n − 1)T n,n−1 − β 0 (n + 1)T n−1, n−2 − β 1 nT n−2, n−2 = 0, (6.13)
We employ the definitions (2.18), (2.19) and (2.20) for S 0 , S 1 and S 2 . By multiplying (6.12) by u n−1 , (6.13) by u n−2 and (6.14) by u n−3 and summing from n = 1, 2 and 3 respectively, we obtain the following three linear differential equations
Given the u = 0 initial conditions S 0 = 1, S 1 = T 1,0 , S 2 = T 2,0 and setting u = xL, we obtain the following RG-summed version of the series (6.10) to NNL order:
where x = α s (µ)/π and L = log(µ 2 /s), as before, and where the β k are as defined in (2.3). In Figure 14 we compare the µ-dependence of
RGΣ to that of the corresponding truncated series
for the n f = 3 case with √ s = 2 GeV. The evolution of x(µ) is assumed to follow an n f = 3 β-function with the initial condition α s (m τ )/π = 0.33/π [17] . As evident from the figure, the severe µ-dependence of x 2 S N N L is considerably diminished by RG-summation. The RG-summed expression [eq. (6.18) multiplied by x 2 (µ)] falls from 0.056 to 0.041 as µ increases from 1 GeV to 4 GeV. By contrast, the unsummed expression (6.19) falls precipitously from 0.259 to 0.017, a factor of 15, over the same range of µ. This unphysical dependence on renormalization scale suggests that S N N L [as in (6.19) ] be replaced by (6.18) within sum rule approaches to the lowest-lying scalar gluonium state.
Cross-
The scattering of two longitudinal W 's into two longitudinal Z's is mediated by the Higgs particle of standardmodel electroweak physics. Assuming a single Higgs particle (devolving from the single doublet responsible for electroweak symmetry breaking), one finds the cross-section for this process at very high energies (s >> M 2 H ) to be 20) where g(µ) = 6λ MS (µ)/16π 2 , the quartic scalar couplant of the single-doublet standard model, 4 and where the series S is [26] 
with g = g(µ),and L = log(µ 2 /s). The constants T n,m are fully known to NNL order [26]
The RG-invariance of the physical cross-section σ implies that the series S satisfies the RG equation
RG-invariance of the physical decay rate µ 2 dΓ/dµ 2 = 0 implies the following RG-equation for the series S[x, L, T ] within (6.26):
The n f = 6 values for the MS β-and γ m -functions are
Upon substituting the series S, as described above, into (6.28), one finds that the net coefficients of
and x n L n−3 on the left-hand side of (6.28) vanish provided the following recursion relations are respectively upheld:
By multiplying (6.30) by u n−1 , (6.31) by u n−2 and (6.32) by u n−3 , and by summing each equation from n = 1, 2 and 3, respectively, we obtain the following linear differential equations for the summations S 0 (2.18), S 1 (2.19) and S 2 (2.20):
. As before, all-orders summation of the RG-accessible logarithms within the series S[x, L, T ] is now possible, given the explicit form of T 1,0 (T ) and T 2,0 (T ) in (6.27) and the explicit β-and γ-function coefficients in (6.29). We thus find that 
Fermionic Scalar Correlation Function
The imaginary part of the RG-invariant correlator for the fermionic scalar current
where the series S[x, L] is of the form (1.1) and has been fully calculated to N 3 L order [32] . For n f = {3, 4, 5} the series coefficients T n,m are tabulated for (n, m) ≤ 3 in Table 3 . This correlation function is relevant both for QCD sum-rule analyses of scalar mesons, a topic of past and present interest [33] , and for the decay of a single-doublet standard-model Higgs boson into a bb pair [32, 30] . RG-invariance of the correlator (µ 2 dImΠ(s)/dµ 2 = 0) implies the following RG-equation for the series S[x, L] within (6.38) [19] :
is the β-function series (2.3) and γ m (x) is the γ-function series (1.3). Substitution of (1.1) into (6.39) leads to the following recursion formulae for the elimination of terms proportional to
, and x n L n−4 :
We follow the usual procedure of 1. multiplying (6.40) by u n−1 and summing from n = 1 to ∞, 2. multiplying (6.41) by u n−2 and summing from n = 2 to ∞, 3. multiplying (6.42) by u n−3 and summing from n = 3 to ∞, and 4. multiplying (6.43) by u n−4 and summing from n = 4 to ∞.
Using the definitions (2.18), (2.19) , (2.20) and (2.30) for {S 0 , S 1 , S 2 , S 3 }, we then obtain the following four linear differential equations for these summations:
The solutions to these equations are
(1 − β 0 u) A+2 (6.50)
where A = 2γ 0 β 0 (6.52)
The O(N 3 L) RG-summation of the series S[x(µ), log(µ 2 /s)] appearing in the correlator (6.38) is then found to be
where the RG-summations S 0 , S 1 , S 2 and S 3 are given by (6.48)-(6.51) with u = x(µ) log(µ 2 /s).
In Figure 15 we compare the µ-dependence of the RG-summed scalar fermionic-current correlator, (6.70) to that of the correlator (6.38) when truncated after its fully-known O(
GeV. The coefficients T n,m appearing in (6.71) are given in Table  3 . We choose to work in the √ s = 2 GeV n f = 3 regime appropriate for QCD sum rule applications, where the couplant x(µ) is large. The evolution of x(µ) is assumed to proceed via the n f = 3 four-loop β-function with initial condition x(m τ ) = 0.33/π [17] . The running mass m(µ) is normalized to 1 GeV at µ = m τ to facilitate comparison of (6.70) to (6.71). In Figure 15 , the unsummed correlator is seen to achieve a sharp maximum near 1.5 GeV, followed by a precipitous fall as µ approaches 1 GeV from above. By contrast, the RG-summed correlator exhibits a much flatter profile, falling from 1.88 GeV 2 to 1.75 GeV 2 as µ increases from 1 to 4 GeV. As in Section 6.2 for the gluonic scalar-current correlator, these results indicate that even N 3 L-order expressions for the perturbative contribution to QCD correlation functions exhibit substantial µ-dependence. Such dependence, which we have shown to be largely eliminated via the RG-summation process, would otherwise percolate through QCD sum-rule integrals as spurious sensitivity on the theory side to the Borel parameter. The incorporation of RG-summed correlators within QCD sum-rule extractions of lowest-lying scalar resonances is currently under investigation.
Summary
In this paper we have explicitly summed all RG-accessible logarithms within a number of perturbative processes known to at least two nonleading orders, a procedure originally advocated by Maxwell [5] . As anticipated, we have found the dependence on the renormalization scale µ in every case examined to be considerably diminished over that of the original series' known terms.
In semileptonic b → u decays in the fully MS scheme (Section 3), we observe the intriguing possibility that PMS/FAC criteria for the unsummed series truncated to a given order may anticipate the RG-summed series for the next order of perturbation theory. 5 This behaviour, however, is not evident in the other processes we consider. For the vector correlation function (Section 5), PMS/FAC criteria for the unsummed series truncated to a given order coincide closely with the RG-summed series for that same order, but do not anticipate the level of the next-order RG-summation. In the pole-mass scheme version of semi-leptonic B-decays (Section 4), PMS and FAC criteria do not appear applicable to the unsummed series, which monotonically increase with the renormalization scale µ. Indeed, one of the virtues of RG-summation is the sensible scale-independent results it provides for inclusive semileptonic B-decays in the pole mass scheme, a scheme whose unsummed expressions for b → u are already known to be problematical [1] .
The µ-independence of RG-summation, particularly for the vector-current correlation function (Section 5), is seen to justify the prescription of zeroing all logarithms by setting the renormalization scale to µ 2 equal to the kinematic variable s. This prescription necessarily equates the unsummed and RG-summed series, and, since the RG-summed series is virtually independent of µ, the zeroing of logarithms in the unsummed series equilibrates it to the flat RG-summation level we obtain.
In Section 6, RG-summation is also applied to the perturbative contributions to the momentum-space QCD static potential, the decay-rate of a standard-model Higgs to two gluons, the Higgs-mediated cross-section σ(W W → ZZ), and to two scalar-current correlation functions. Examination of these last two quantities in the low-s region appropriate for QCD sum-rules suggests the utility of RG-summation is reducing the unphysical scale-dependence of the perturbative QCD contributions to the field-theoretical side of sum-rules in these channels. We also acknowledge the hospitality of the High Energy Theory Group at KEK, Tsukuba, Japan, where this research was initiated. Finally, we are grateful to Audrey Kager for valuable contributions to the preparation of this research in manuscript form.
Appendix: An Alternative Closed-Form Summation Procedure
The body of our paper has addressed the evaluation of
k , where the full perturbative
It is, however, also possible to group the terms within S(x, L), as defined by eq. (1.1), such that the dependence of each series term on x and L fully factorises:
Let us suppose, for example, that the series S(x, L) satisfies the RGE (2.2) appropriate to b-decays. By substituting (A.1) into (2.2), we find that
where we have relabeled the anomalous mass dimension γ m (x) → γ(x) to avoid any misinterpretation of the label m as a subscript. If
then the recursion relation (A.3) implies that
If one defines x to be implicitly a function of y via the equation
then (A.5) simplifies to
in which case
This last result implies via (A.4) that the series S(x, L) is fully determined by knowledge of the log-free summation
where x(y) is defined implicitly by the constraint
obtained by integrating (A.6). Using lowest-order expressions β(x) = −β 0 x 2 and γ(x) = −γ 0 x, we find from (A.10) that
If we set
we find from (A.11) that
Eq. (A.13) is the defining relationship for the Lambert W -function W [exp (−β 0 y/2γ 0 )], as discussed in ref. [36] . Since
where .16) and where
For the RGE (4.16), corresponding to (2.2) with γ m (x) chosen to be zero, the solution (A.9) still applies provided x(y) is defined implicitly via the constraint
In the approximation β(x) = −β 0 x 2 , one can choose 20) where the function R 0 is as defined via (A.16). 
